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I. Understanding the relationship between genotype frequency and Medea allele
frequency.

In a Medea-bearing population the fate of an individual depends on the genotype of its mother
as well as its own genotype. Thus, knowledge of one genotype frequency after a single round

of random mating is not sufficient to characterize the population.

We approach this problem first by presenting an example, a Medea with a 20% multiplicative
embryonic fitness cost. We plot, on a DeFinetti diagram, the trajectories of genotype
frequencies over 1000 generations when present in a population initially composed of different
proportions of Medea homozygotes and non-Medea individuals (points along the horizontal
axis), non-Medea individuals and Medea heterozygotes (points along the left axis), or Medea
homozygotes and heterozygotes (points along the right axis) (Fig. S1A). For this set of
parameters, all populations converge to one of two stable equilibrium points, composed of
either non-Medea individuals, or of two thirds Medea homozygotes and one third Medea
heterozygotes, the stable internal equilibrium allele frequency (SIEAF) (Fig. S1A). The regions
of initial conditions that converge to each stable equilibrium are separated by a set of gamete
frequencies, known as a separatrix, that define a threshold between Medea allele loss and
fixation. The separatrix is the stable manifold of the unstable equilibrium (a saddle). This
family of points includes one, the unstable internal equilibrium allele frequency (the UIEAF),
discussed further below. Importantly, all populations initiating on either side of the separatrix
approach and ultimately follow a common trajectory in moving towards one or the other stable
equilibrium (the common trajectory is the unstable manifold of the unstable equilibrium). This

observation implies that one can calculate genotype frequencies, and thus allele fitness, as a
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function of Medea allele frequency, by calculating the approximate positions of points on this
common trajectory. To do this we take a number of starting parental genotypes distributed
throughout the parameter space of all possible parental genotypes, indicated by the black dots
in the DeFinetti diagrams in Fig. S1B. Each genotype in the distribution is advanced one
generation and all possible genotype distributions for that generation are plotted, indicated by
the green region. The procedure is repeated for a second generation, resulting in the region of
possible genotypes indicated in red; for a third generation, resulting in the region of possible
genotypes indicated in yellow; and for a fourth generation, resulting in the region of possible
genotypes indicated in blue. After four generations the genotype space distribution is very tight
(the blue region that resembles a line in Fig. S1B). Throughout the remainder of the text we use
the constrained values of genotype space during the fourth generation to calculate genotype
frequencies and fitness values with respect to Medea allele frequency. Plots of genotype or
fitness as a function of Medea allele frequency (as in Fig. 1A,C; Fig. 4B; Fig. 5A) which
appear line-like, are not one-dimensional lines, but narrow two-dimensional bands around a

line. Places where the bands cross are not points but small areas.
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I1. Fitness Calculations

By fitness of a particular genotype we mean the average number of progeny a zygote of
that genotype will have, given a particular zygote genotype distribution. A zygote with a
fitness of 1 exactly replaces itself (has one progeny). Fitness of a particular allele refers
to the average number of progeny an individual with that allele will have, given a
particular genotype distribution. Fitness has three components. 1) The ability of an
organism to survive to reproductive maturity, lgenotype. This is the embryonic fitness. 2)
The ability of an organism to make gametes (a parental fertility or fecundity loss),
Mgenotype- 3) A component specific to Medea, the ability of the gametes to survive fusion
to form a viable zygote, Ngametetype. 1N Order to calculate fitness we must track the fate of
the 8 types of gametes. Gametes have 3 essential attributes, 1) whether they are sperm or
egg, 2) whether they carry the Medea or non-Medea allele and 3) the genotype of the

gamete’s parent.

To find fitnesses, we begin by finding the distribution of gametes given a distribution of
zygotes. We start by introducing the following terminology. A zygote has already
undergone death by the Medea mechanism but has not experienced any fitness costs.
Zygotes can be zygote.., zygotew+, or zygotemm for the fraction of zygotes that are
homozygous non-Medea, heterozygous for Medea, or homozygous Medea, respectively.
Egg/sperm sub gamete genotype, gamete’s parent’s genotype. Gamete genotype can be p
or g for Medea and non Medea respectively. Gamete’s parent’s genotype can be MM,
M+, or ++ for homozygous Medea, heterozygous Medea and homozygous non-Medea,

respectively. For example, we define spmg++ as the the fraction of male gametes that are
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non-Medea from a non-Medea parent. Vp is the parental fitness cost. In the case of an
egg, itis Vp and in the case of a sperm it is Vs. We do not consider the case where Vp is

not equal to Vs. Mathematically,

zygote,,
zygote, , + zygote,, \VV, + zygote,,, V¢ Ve

eggq++ = Spmq++ =

32ygote,, Ve Ve
zygote, , + zygote,, VcV, + zygote,,,VSVy

egng+ = egg pM + = Spqu+ = SpmpM+ =

_ Zygote,, Ve Ve
zygote, , + zygote,, V.V, + zygote,,,,VEVy

€99 omm = SPM pym

Now we examine the fitness of each type of gamete (part 3). To find fitness, we examine
the fate of the gamete when it joins with all other possible gametes. For example, a non-
Medea sperm from a non-Medea parent will always survive when it joins a non-Medea
egg from a non-Medea parent, will die a fraction (1-tp) of the time when it joins a non-
Medea egg from a heterozygous parent, will always survive when it joins a Medea egg
from a heterozygous parent, and will die a fraction (1-t;) of the time when it joins a
Medea egg from a homozygous Medea female. To find the fitness of the genotype, we

find the mean of the fitness of sperm and egg of the same genotype.

nspermq++ = eggq++ + egng +(1_ tO) + €99 pM + +€g9 pMM (1_ tl)

neggq++ = Spmq++ + Spqu+ + SpmpM+ + SpranM

|~

n =

q++ ~ 2 (nspermq++ +N

eQQQ++)
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nsperqu+ = eggq++ + egng +(1_t0) +€g9 pM + + €99 pMM (1_t1)

negng+ = Spmq++ (1_t0) + Spqu +(1_t0) + S'pmpM T S'pmpMM

_1
on + 72 (nsperqu + + negng +)

r]spermpM + = eggq++ + egng + + egg pM + + egg pMM

n =Spm,,, +SPM,y, . +SPM_,, +Spm

qM +

eggpM + q++

+ negng + )

—1
on + 2 (nsperqu+

nspermpMM = eggq++ + egng + + egg pM + + egg pMM
neggpMM = Spmq++ (1_t1) + Spqu +(1_t'1) + SpmpM T SpmpMM

—1
onM 2 (nsperquM + r]egngM )

I11. Genotype fitness

The genotype fitness is calculated by multiplying each component of fitness.

fltnesshom ozygousMedea = IMM mMM anM

i —1
fltnessheterozygousMedea -2 IM +mM + (n pM + + on + )

fltnesshomozygousnonMedea = I++m n

++ Tp++
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IV. Allele fitness

The Medea allele fitness is calculated by finding the fitness of the heterozygote
multiplied by the fraction of Medea alleles in heterozygotes and adding the fitness of
homozygous Medea multiplied by the fraction of Medea alleles in homozygotes. Fitness

of the non-Medea allele is calculated similarly.

zygote,, , 2zygote,,
+ IMM My anM
zygote,,, + 2zygote,,, zygote,,, + 2zygote,,,,
2zygote,, . lom 2zygote, ,
zygote,,, +2zygote,, " """ zygote,,, + 2zygote, ,

fltneSSMedeaAllele = IM +mM +an +

fltr]eSSnonMedeaAllele = IM +mM +an +

V. Population fitness

The population fitness is the sum of the products of each genotype and the fraction of

zygotes with that genotype.

fltness population = Zyg0teMM fltnesshomozygousMedea + ZngteM+ fltnessheterozygousMedea +

Zngte++ fltl’]esshom ozgousnonMedea
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V1. X chromosome

An X-linked Medea is different from autosomal Medea in that the ratio of males to

females isnot 1 to 1. There are only 2 male genotypes Medea Y and non-Medea .

Parental Genotype Frequency Male Offspring Female Offspring Frequency
Frequency
Family Male Female Mating Medea non-Medea Homo Het WT
1 SMY DMM SMY*DMM VE VE2
2 Siy Dmm Sy *Dum Ve Ve
3 Suy Dus Swy*Dms | ¥ Ve Y Y Vg Yo Ve
4 Sy Dus Siv*Dys Yo Ve Y BVe | %
5 Suy D.s Suy*Das 1 Ve
6 Siv Dt Siv*Das 1 1

Equations are shown in the text.

VIIl. X Chromosome Fitness:

We use the same definitions of fitness and symbols as defined in the autosomal fitness

cost case.

eggq++ =

egng+ = egg pM + =

€99 jmm = SPM

femalezygote, ,

femalezygote, , + femalezygote,, V. + femalezygote,,,, V7

1 femalezygote,, V¢

femalezygote,,,VEVy

femalezygote, , + femalezygote,, V. + femalezygote,,,, V¢

- femalezygote, . + femalezygote,, V. + femalezygote,,,,V?
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2 malezygote,

spm

™" malezygote,, + malezygote,,,V,
Spm, ., = 1 malezygote,,
malezygote,, + malezygote,,, Vg
spm... = 1 malezygote,,, V¢
P malezygote,, + malezygote,, V.
1 malezygote,,,V
SPMyyy = - o

malezygote,, + malezygote,,, V¢

Now we examine the fitness of each type of gamete (part 3). To find fitness, we examine

the fate of the gamete when it joins with all other possible gametes.

nspermq+Y = eggq++ + egg pM + + egg pMM

neggq+Y = Spmq+Y + Sme+Y + SpmpMY + SmeMY

nspermYM+ = eggq++ + egg pM + + egg pMM

negng+ = SpmpMY

nspermpM + eggq++ + egng + + egg pM + + egg pMM

neggpM o Spmqw +SPMyyy + SpmpMY +spm, .y

nspermpMY = eggq++ + egng + + egg pM + + egg pMM

neggpMM = Spmq+v + SpquY + SpmpMY + SpmpMY
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VIII. X Chromosome Allele fitness

The Medea allele fitness is calculated by finding the fitness of the heterozygous females
multiplied by the fraction of Medea alleles in heterozygous, adding the fitness of
homozygous Medea females multiplied by the fraction of Medea alleles in a homozygous
female Medea background and adding the fitness of male Medea individuals and
multiplying by the fraction of Medea alleles in a male Medea background. Fitness of the

non-Medea allele and Y are calculated similarly.

IX. X Chromosome Population fitness

The population fitness is the sum of the fitness of each genotype multiplied by the

fraction of zygotes with that genotype.
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X. Equilibria Calculations

The attached code calculates equilibrium values and stability for both autosomal and X-
linked Medea. The code contains much of the output. Some of the equilibria take many
pages to output; therefore that output has been suppressed. Some calculations take
minutes to days to run on a PC with 2 gigabytes of RAM with and an Intel® Core2™

CPU . We provide appropriate warnings.

Here we provide a summary of the calculations with more details than are present in the

text. Some cumbersome equations are not reproduced. Equilibria are calculated by
simultaneously solving G,, =G,, and G,,, =G,,,. To find stability, the modulus of

the eigenvalues of the Jacobian must be less than 1.

Recall the Jacobian matrix is defined as

Gy G
Gyy  0G,,
oG, oG,
Gyy G,

XI. Embrynoic Fitness Costs

Vb Het=V,Homo=Vs,Het=Vs Homo=1, 11=0, to=1

There are 4 equilibria.

1. G++ = l, GM+ = GMM: O
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The eigenvalues are

( ]
VE,Het
VEZ, Het VE ,Het V

2 G - _ E,Homo
T -V +VE,Het -1

E,Homo

_ 1+VE2,Het - 2VE,Het

G =
MM —V +V

1

E,Homo E,Het —
Feasibility:
Using G,, =0

2
VE,Homo 2 VE,Het _VE,Het

Using other genotype boundaries, no additional feasibility conditions are found.
Stability: the eigenvalues are cumbersome expressions (see expression 22 in the maple code).

In the biologically feasible realm, the modulus of each eigenvalue is equal to 1 when V¢ ., =1

and V =V¢ et —Ve e - These boundaries are coincident with feasibility. Except at

E,Homo

boundaries, all feasible solutions are unstable.

G _ VE,Homo
MM T

2VE,Het -V

E,Homo
Biological feasibility:
VE,Het 2 VE,Homo

The eigenvalues are
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-V

E,Homo +VE,Het
2
VE,Het

VE,Homo

\Y

E,Het
The second eigenvalue shows a change in stability that is coincident with feasibility. Therefore,

no examination Vg . >V IS necessary.

E,Homo

The modulus of the first eigenvalue equals 1 when

V2

E,Het

% =Ve e +Ve e @nd V =V

E,Homo E,Homo E,Het

The first solution is never biologically feasible. The second solution is stable when

—V2

E,Het *

V >V

E,Homo E,Het

4. G++ = 0, GM+ = O, GMM: 1
The eigenvalues are

0
VE het

\

E,Homo
The stability boundary is

VE,Het =V

E,Homo
Stability occurs when
VE,Het <V

E,Homo

XI1. Parental Fitness Costs

Vb, Het=Vs Het: VD,Homo=Vs,Homos VE Homo=VE Het=1, 11=0, to=1
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Stability and feasibility analysis yields the same boundaries as with embryonic costs. Detailed
analysis is shown in Maple Code. As noted in the text, the equilibrium values are different

from those associated with embryonic costs.

XI11. Maternal Fitness Costs
VE Het=V's, Het=VE Homo=Vs,Homo =1, 11=0, tp=1
1.Gii = 1, GM+ = GMM: 0

The eigenvalues are

2 2
VD, Homo _VD, Het * \/VD Homo 2VD HetVD, Homo + 2VD Het

VD, Het
Only the (+) solution is relevant, when Vg ... >Vp oo

Stability:

The only boundary condition other than feasibility is

v _ th,Het _VD,Het +1_\/4V§,Het _7VI32,Het + 2VD,Het +1
D,Homo = Vi e — 2 . This equilibrium is stable when

homozygous fitness is greater than the expression.

3. The all genotypes equilibrium is a very cumbersome expression. However, by solving for
no non-Medea individuals in the population, we find that the biological feasibility boundary is
the same as the stability boundary for equilibrium 2. There are no other stability boundaries.

The equilibrium is always unstable when feasible.
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4. G++ = 0, GMM: 1
The eigenvalues are

0

D,Homo +VD,Het

2VD, Homo

\

This equilibrium is stable when Vv, ., >V

D,Homo

Figure S2 partitions (Vhet, Viomo) fitness parameter space into regions in which linear stability
analysis indicate qualitatively similar behaviors are observed. The case for embryonic fitness
costs is illustrated in Fig. S2A (see also Fig. 2); the case of maternal fitness costs is illustrated

in Figure S2B.

XIV. Embryonic Fitness Costs and t;

Vb Het=VD,Homo=Vs,Het=Vs Homo=1, 11=0, to=1

There are 4 equilibria.
1. G++ = l, GM+ = GMM: O

The eigenvalues are

VE,He’[

2. G, =—- VES,Hettl2 — 4VE2,Hett1 B 2VE,Hett1 + 8\/E,Het -4+ 2'[1
AV e AVl F AV VLt — AV — DVl + 4
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4(_2VE,Het ) +1+ VEz,Het

e t12VE4,Het - 4VI53,Hettl + 4VI52,Het + 2VEZ,Hettl - 4VE,Het - 2VE,Hett1 +4
Feasibility:
Using G,, =0

_ 2V|52,Het +VE,Het +1i\/_ 4VE4,Het +8VE3,Het _3\/E2,Het - 2VE,Het +1
= VE

E,Het

L

Only the (-) solution is relevant.

Stability: No eigenvalues are less than or equal to 1 within the biologically feasible region.
Therefore the equilibrium is unstable.

3.G,, =0

++

G _ VE,Het_li\/]-_ZVE,Hettl
MM T T

Ve e T2t -2

Only the (+) solution is biologically relevant.
Biological feasibility:
VE,Het Sl_%tl

The eigenvalues are cumbersome functions that are not reproduced here — see Maple code.

The modulus of the first eigenvalue equals 1 when

(a) VE,Het =1- %tl ,
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1
(b) VE,Het = E 1

1

—1-1J1+4t +t,

t, :

(C) VE,Het ==

t = 2VE2,Het +VE,Het _1+\/_ 4VE4,Het +8VI53,Het _3\/E2,Het _2VE,Het +1
@~ Ve

In case (a), this is the feasibility boundary.

In case (b), this solution is entirely outside the range of biological feasibility.

In case (c), no change of stability is found after passing this curve.
In case (d), solutions are stable above the curve and unstable below it.

No additional boundaries are found with solutions of the second eigenvalue.

4. G++ = 0, GM+ = O, GMM: 1
The eigenvalues are

0
t, -2

2VE,Het

The stability boundary is

Ve, =1-1t,

E,Het 2

Stability occurs when
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Figure S3 partitions (t1, Viet) parameter space for embryonic and parental fitness costs (Fig.
S3A), or maternal fitness costs (Fig. S3B) into regions in which linear stability analysis
indicates qualitatively similar behaviors are observed. Qualitative behavior changes as we
cross each of these curves, with the occurrence of a bifurcation, as described in the legend to

Fig. 2 and Fig. S2.

XV. X-linked Element

1. DMMZO; D|\/|+:0; D++:1/2; SMYZO; S+Y:1/2

The eigenvalues are 0, -.5V and V. This equilibrium is always stable except when the fitness

equals 1.

2. All genotypes. See Maple Code for expressions for the genotype fractions at equilibrium.

This equilibrium is unstable. The Maple code shows this by plotting the modulus of the

eigenvalues for all possible fitnesses.

3. No non-Medea individuals

\
DMM — V E,Het 2
E,Het —
2V -1
DM+ _ y E,Het >
E,Het
D,, =0
S. =0
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This equilibrium only exists for fitness values greater than or equal to 0.5. The eigenvalues are

0 and 2V¢ .. This equilibrium is stable when it exists, except at the boundaries where the

analysis is inconclusive.

4. No non-Medea alleles.

. Therefore this equilibrium is stable for fitnesses greater

The eigenvalues are 0 and
E,Het

than 0.5, and unstable for lower fitnesses; stability at the equality is inconclusive.
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#Ward, Catherine

#Suppl emental Materials: Calculations for feasibility and
stability of autosomal Medeas

#This is a long file organized into 5 sections:

#1) Loadi ng the Model

#2) Enbryonic only fitness costs starts after execution group
(2).

#3) Maternal only fitness costs starts after execution group
(35).

#4) Parental fitness costs starts after execution group (72)
#5) t1 fitness cost starts after execution group (95).

#Each section begins with sinplifying assunptions. W calcul ate
equilibria. Then we look at the feasibility of the equilibrium
t hrough paraneter space. Then we calculate the stability by
finding conditions such that the eigenval ues of the Jacobi an
matri x have nodul us one (potential boundaries for stability
changes). There are usually several pages of analysis to
determ ne which potential boundaries are biologically rel evant
(ie, fitness between 0 and 1). Having deternmined all boundary
conditions, we check the stability of the equilibriumin each
regi on of space.

restart : clear : with(LinearAlgebra) : with(SolveTools) :

#We begin by defining the general equations.

#Terns are as defined in the text except the next generation is
next Grm rat her than Gmi, non- Medea i ndividuals are Gop,

het erozygotes are Gwp rather than Gmt and, of course, suscripts
are not used.

W := VEHomo- (Gmm-Gmm- VSHomo-VDHomo + (% ) - Gmp-Gmm-VSHet- VDHomo

+ (% ) -Gmm-Gmp-VSHomo-VDHet + (% ) “Gmp-Gmp-VSHet: VDHet) + VEHet

: ( (% ) -Gmp-Gmm-VSHet-VDHomo-mul + Gpp-Gmm-VDHomo-mul + (% ) -Gmm

-Gmp-VSHomo-VDHet + ( % ) -Gmp-Gmp-VSHet-VDHet + ( % ) -Gpp-Gmp-VDHet
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+ Gmm-Gpp-VSHomo + (% ) -Gmp-Gpp- VSHet) + (% ) -Gmp-Gmp-VSHet- VDHet

-mul + (% ) -Gpp-Gmp-VDHet-mu( + (% ) -Gmp-Gpp-VSHet + Gpp-Gpp :

VEHomo
/4

+ (% ) - Gmp-Gmm-VSHet- VDHomo ~+ (% ) -Gmm- Gmp- VSHomo- VDHet + (%)

nextGmm := Subs(Gmp =1 — Gmm — Gpp, . (Gmm-Gmm- VSHomo-VDHomo

-Gmp-Gmp-VSHet- VDHet) ) :

nextGmp = subs(Gmp =1 — Gmm — Gpp, VEHet (i ) -Gmp-Gmm-VSHet- VDHomo-mul

w 2

+ Gpp-Gmm-VDHomo-mul + (% ) -Gmm-Gmp-VSHomo-VDHet + (% ) -Gmp-Gmp

-VSHet-VDHet + (% ) -Gpp-Gmp-VDHet + Gmm-Gpp-VSHomo + (% ) -Gmp-Gpp

: VSHet) :

nextGpp = subs(Gmp =1 — Gmm — Gpp, LW ( (% ) -Gmp-Gmp-VSHet- VDHet-mu(

+ (% ) Gpp-Gmp-VDHet-mu( + (%) ~Gmp-Gpp-VSHet + Gpp'Gpp) ) :

#We now give the code that will generate the general sol utions.
The general solution is too conplex to be useful. A PCwth 2
gigs of RAMtakes days to solve this and then crashes if any
further mani pul ations are attenpted. Macs wth 5 gigs of RAM
sinply do not run this cal culation.

#genEq:=solve( {nextGpp = Gpp, nextGmm= Gmm}, [ Gpp, Gmm]) :

#ln order to do linear stability analysis we find the Jacobi an
Mat ri x
MyJacobian = simplify(Matrix( [ [ diff (nextGmm, Gmm), diff (nextGmm, Gpp) ],

[diff (nextGpp, Gmm), diff (nextGpp, Gpp) 1]) ) :

#For the two trivial solutions to the general equation (no non-
Medea alleles and no Medea alleles), we present the stability
anal ysi s.
#First no Medea alleles
simplify( Eigenvalues(subs(Gpp =1, Gmp =0, Gmm =0, MyJacobian)));

0

1
% VEHet VDHet + % VEHet VSHet @)
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#No non- Medea al | el es
simplify( Eigenvalues(subs(Gpp =0, Gmp =0, Gmm =1, MyJacobian)));
0

1 VEHet (VSHet VDHomo pul + VSHomo VDHet) )
2 VSHomo VDHomo VEHomo

#Now we present the stability analysis for a selection of
sinplifications

#Case 1) Enbryonic Fitness Cost, No parental

effects; mu0=0 and nul=1

#We begin by introducing the sinplified senarios

nextGppEmbryonic == Subs( VSHomo =1, VDHomo =1, VSHet=1, VDHet =1, u0 =0, ul =1,
nextGpp) :

nextGmmEmbryonic = subs( VSHomo =1, VDHomo =1, VSHet=1, VDHet =1, u0 =0, ul
=1, nextGmm) :

nextGmpEmbryonic := subs( VSHomo =1, VDHomo =1, VSHet =1, VDHet =1, u0 =0, ul
=1, nextGmp) :

#Sol ve for the 4 biologically relevant equilibria

embryonicEq = solve( {nextGppEmbryonic = Gpp, nextGmmEmbryonic = Gmm}, [ Gpp,
Gmm]) :

#Medea Honobzygous Equili brium
embryonicEq[1];

[Gpp=0, Gmm=1] 3)
simplify( Eigenvalues( subs( embryonicEq[ 1], VSHomo =1, VDHomo = 1, VSHet =1, VDHet

=1, u0=0,ul =1, MyJacobian) ) );
0
VEHet (4)
VEHomo

#Note the conditions for stability are the nodulus of each of

t he ei genval ues nmust be less than 1. This equilibriumis stable
when VEHono>VEHet, unstabl e VEHet >VEHono, and the |inear
analysis is inconclusive at the equality. Recall, VEHet and
VEHonmo nust bot h be non-negati ve.

#No non- Medea Genotype Equilibrium
embryonicEq[2];

VEHomo
- VEHomo + 2 VEHet

Gpp=0, Gmm= (5)
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#First we find the boundaries such that 0<Gmm<l.

solve( VEHomo ~0 ) )

- VEHomo + 2 VEHet ’
{VEHet= VEHet, VEHomo=0} (6)

0 lve( VEHomo ~1 ) )

- VEHomo + 2 VEHet ’
{VEHet=VEHomo, VEHomo = VEHomo} @)

> #We test VEHet <VEHono and VEHono<VEHet to find feasiblity.

VVVVYVYVYV

\

subs(VEHomo=.9, VEHet= 8, embryonicEq[2]);

[Gpp=0, Gmm=1.285714286] 8
evalf (simplify(subs(VEHomo=.7, VEHet=.9, embryonicEq[2])));
[Gpp=0., Gmm=0.6363636364 ] 9

#This equilibrium is feasible when VEHomo<VEHet.

#Now, we exam ne stability.
EV := simplify( Eigenvalues( subs(embryonicEq[2], VSHomo =1, VDHomo =1, VSHet = 1,
VDHet =1, u0 =0, ul =1, MyJacobian) ) );

VEHomo
VEHet
EV=l yEHomo + VEHet (10)
VEHef
solve(EV[1]=1);
{VEHet=VEHomo, VEHomo = VEHomo} (12)
solve(EV[1]=-1);
{VEHet= - VEHomo, VEHomo = VEHomo} (12)

#When VEHono<VEHet (1-VEHet), this equilibriumis unstable.
#When VEHet ( 1- VEHet ) <VEHono<VEHet, this equilibriumis stable.

#The all non-Medea equilibrium

embryonicEq[3];
[Gpp=1,Gmm=0] (13)

simplify( Eigenvalues( subs(embryonicEq[3], VDHomo = 1, VSHomo = 1, VDHet = 1, VSHet
=1, u0=0, ul =1, MyJacobian)) );
0

14
VEHet (14)

#1f VEHet<1, this equilibriumis stable.
#1f VEHet =1, l|inear analysis is inconclusive.
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#All 3 genotypes in the equilibrium popul ation
embryonicEq[4];
_ VEHef — VEHet + VEHomo -2 VEHet + VEHer + 1

VEHomo+ VEHei—1 ™™= " VEHomo + VEHet — 1

Gpp=

> #First we find the boundaries such that 0<Gpp<1l and 0<Gmm<1 .

VEHef — VEHet + VEHomo |

|~ YO = T  Fomo + VEHet — 1
v Gmm i - L= 2 VEHet + VEHef
- - VEHomo + VEHet — 1
> solve(myGpp=0);
i {VEHet= VEHet, VEHomo = - VEHef + VEHet}
> subs(VEHomo= (- VEHef + VEHet) - 1.1, VEHet=8, myGpp);
i 0.04255319149
> subs( VEHomo = ( - VEHef + VEHet) .9, VEHet= .8, mprp);
i -0.04651162791
> Subs( VEHomo = ( -VEHef + VEHet) ‘1.1, VEHet= .8, mmem);
i 0.1063829787
> solve(myGmm=0);
i {VEHet=1, VEHomo =VEHomo}, {VEHet=1, VEHomo = VEHomo}
[ >
| > #This equilibriumis feasible when VEHono>VEHet - VEHet 2
>

> Eq4EV := Simphﬁ/(EigenvalueS(Subs(embryonicEq[4], VDHomo =1, VSHomo =1, VDHet

=1, VSHet=1, u0 =0, ul =1, MyJacobian) ) );
1 1
2 VEHomo

Eq4EV = H— P — (2 VEHomo — VEHomo VEHet

+ (- VEHomo ( -4 VEHomo + 4 VEHomo VEHet — VEHef VEHomo — 8 VEHef

/
+ 4 VEHef + 4 VEHet) )1 2) ]

1 1
-— ———\ -2 VEH EH EH
[ > VEHomo ( VEHomo + VEHomo VEHet

+ (- VEHomo ( -4 VEHomo + 4 VEHomo VEHet — VEHef VEHomo — 8 VEHef

+4 VEHer + 4 VEHet) )1/2> ”

#To be unstabl e, the nodulus of an ei genval ue has to be >1
Let's find when they are equal to 1.
solns := solve(abs(Eq4EV[1])=1) :
solns[17];
{VEHet=1, VEHomo < 0}

#Does not apply; VEHono>0
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> solns[2];
{VEHet=1, VEHomo=0, VEHomo < 0}
> #a boundary; coincident with feasibility
> solns[3];
{VEHomo= - VEHef + VEHet, - VEHef + VEHet= - VEHef + VEHet, VEHet < 0}

> #Does not apply; VEHonmo>0
> solns[4];
{VEHomo= - VEHef + VEHet, - VEHef + VEHet= - VEHef + VEHet, | < VEHet}

> #coincident with feasiblity
>

solns[51];
{VEHet=1,0 < VEHomo}

> solns[6];
i {VEHet=1, VEHomo=0,0 < VEHomo}

> solns[7];

{VEHomo = - VEHef + VEHet, - VEHef + VEHet= - VEHef + VEHet, 0 < VEHet, VEHet
| <1
| > #soln[7] is feasible

> solns[8];

{VEHomOZ VEHet (-2 VEHet + VEHef + 1)  VEHet (-2 VEHet + VEHef + 1)

-3 + VEHet ’ -3 + VEHet
_ VEHet (-2 VEHet + VEHer + 1) 0 < VEHet VEHet < 1}
] -3 + VEHet
VEHet ( -2 VEHet + | + VEHef) j
FHet=0..1|:
> plot( "3 + VEHet , VEHet=0

> #We plot this function for O<VEHet<l1l. VEHonn<O, therefore
boundary condi ti on does not apply.

> solns[97;
{VEHOM: VEHet (-2 VEHet + VEHe? +1)  VEHet (-2 VEHet + VEHef + 1)
-3 + VEHet ’ -3 + VEHet
_ VEHet (-2 VEHet + VEHer + 1) < VEHet VEHet < 3}
-3 + VEHet

_> solns[107];

{VEHOW: VEHet (-2 VEHet + VEHe? +1)  VEHet (-2 VEHet + VEHef + 1)
-3 + VEHet ’ -3 + VEHet
_ VEHet (-2 VEHet + VEHef + 1) }
B =3 + VEHet , VEHet <0

=> solns[117;

{VEHOW,: VEHet (-2 VEHet + VEHer +1)  VEHet (-2 VEHet + VEHer + 1)
-3 + VEHet ’ -3 + VEHet
VEHet ( -2 VEHet + VEHef + 1) }
- <
-3 + VEHet 3 < VEHet
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> solns[12];
| Error, inval id subscript selector

#No nore sol utions

#Fi nd when the nodulus of the second eigenvalue is 1

solns := solve(abs(Eq4EV[2])=1):

#No additional solutions found.

#This neans the stability at VEHet=1 and VEHonb=VEHet - VEHet "2 i s
i nconclusive. This equilibriumdoes not exist when

VEHono<VEHet - VEHET*2. W need to test VEHono>VEHet - VEHet "2
while VEHet is not 1.

\

>
> #Take a point, VEHet=.8, VEHonp=.9
>

subs(VEHet= .8, VEHomo=9, Eq4EV[1]);
1.197029685 (33)

> #This equilibriumis unstable for VEHono>VEHet - VEHet "2

#Let's work on the VEHet=1 conditi on.

>
> subs(VEHet=1, myGpp);
1 (34)

> subs(VEHet=1, myGmm);
0 (35)

> #The VEHet =1 condition collapses to all non-Medea individuals in
t he popul ati on.

> #Case 2) Maternal Fitness only, No
parental fitness effects; mu0=0 and nul=1

| > #We begin by introducing the sinplifications.
[ >

> nextGppMaternal := subs(VSHomo =1, VEHomo=1, VSHet=1, VEHet=1, u0 =0, ul =1,
_ nextGpp) :

> nextGmmMaternal = subs( VSHomo =1, VEHomo=1, VSHet =1, VEHet=1, u0 =0, ul =1,
L nextGmm) :

> nextGmpMaternal == subs( VSHomo =1, VEHomo =1, VSHet =1, VEHet=1, u0 =0, ul =1,
| nextGmp) :
B
| > #Solve for the 4 biologically relevant equilibria
;> maternalEq = solve( {nextGppMaternal = Gpp, nextGmmMaternal = Gmm}, [ Gpp, Gmm]) :
[ >
| > #All Medea al l el es
_> maternalEq[1];

[Gpp=0, Gmm=1] (36)

Ward et al 26



> EVI = simplify( Eigenvalues(subs(maternalEq[1], VEHomo =1, VSHomo =1, VSHet = 1,
VEHet=1, u0 =0, ul =1, MyJacobian) ) );

0
EVI = 1 VDHomo + VDHet @37)
2 VDHomo
[ > solve(EVI[2]=1);
{VDHet =VDHomo, VDHomo = VDHomo} (38)

> #When VDHet >VDHono, this equilibriumis unstable. It is stable
at VDHonmo>VDHet and inconclusive at the equality.

| > #No non- Medea | ndi vi dual s
> allvalues(maternalEq[2]);

VDHomo — VDHet + \/ VDHomo> — 2 VDHet VDHomo + 2 VDHet’ ]
VDHet ’

[Gpp =0, Gmm= (39)

[Gpp =0, Gmm=

_ ~VDHomo + VDHet ++/ VDHomo" — 2 VDHet VDHomo + 2 VDHer’ ‘
VDHet

#First determ ne which radical is rel evant

>
> solve({(VDHomo-VDHet + sqrt(VDHomo"2-2* VDHet* VDHomo + 2 * VDHet"2) )
!/ VDHet =1}, VDHomo);
{VDHomo = VDHet} (40)

> allvalues(subs(VDHomo = .8, VDHet =.7, maternalEq[2]));
[Gpp=0, Gmm=1.153009688 ], [ Gpp =0, Gmm = -0.8672954017 ] (41)

>
> allvalues(subs(VDHomo =.7, VDHet = .8, maternalEq[2]) );
[Gpp=0, Gmm=0.8827822185], [Gpp=0, Gmm= -1.132782219] (42)

> #The second radical is relevant.
> #Find when the relevant radical equals O.

VDHomo — VDHet ++ VDHomo* — 2 VDHet VDHomo + 2 VDHer* |

> G =
s VDHet ’
_ VDHomo — VDHet + VDHomo” — 2 VDHet VDHomo + 2 VDHer*
myGmm := (43)
i VDHet
[ >
> solve(myGmm=1);
{VDHet =VDHomo, VDHomo = VDHomo} (44)

> solve(myGmm=0);
{VEHet=1, VEHomo = VEHomo}, { VEHet=1, VEHomo = VEHomo} (45)

> #Only the solution with the positive radical is feasible.
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#When VDHomo<VDHet, this solution is biologically feasible.
#When VDHet <VDHomo, this solution is biologically not feasible.

VVVYV

EV2 := simplify( Eigenvalues( subs( Gpp =0, Gmm=myGmm, Gmp =1 — myGmm, VEHomo
=1, VSHomo=1, VSHet=1, VEHet=1, u0 =0, ul =1, MyJacobian) ) ) :

#These ei genval ues are conplicated. The stategy is to solve for

when nodul us of the eigenval ues equal 1 to divide paraneter

space into regions and then test stability in each region.

These are potential boundaries. W only consider 0O<VDHet<l1l and

0<VDHono<1.

> checkEV21 = solve(abs(EV2[1])=1) :

> checkEV2I[1];

\

{VDHetZ (% — % I) VDHomo, VDHomo = VDHomo} (46)
> #Not a boundary; conpl ex.
> checkEV21[2];

{VDHet= (% + % I) VDHomo, VDHomo = VDHomo} (47)

> #Not a boundary; conpl ex.
> checkEV21[3];

{VDHet = VDHet, VDHomo (48)

_ ~VDHet + VDHef” + 1 ++ -7 VDHer* +4 VDHer + 2 VDHet + 1 }
i VDHet — 2

> #To see if solution [3] has solutions in biologically rel evant
space, we plot this solution.

VDHer + 1 — VDHet ++ -7 VDHer* + 4 VDHer + 1 + 2 VDHet
VDHet-2

> plot( , VDHet=0..1,

VDHomo] ;
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VDHet

o
o
[\
<
i
o
o)
o
o0

SN

-1.01

-1.02

-1.03 1

-1.04 1

-1.05

-1.06

-1.07 1

> #VDHonp<0, therefore this solution is therefore biologically not
rel evant.

> checkEV21[4];

{ VDHet = VDHet, VDHomo = (49)

_ VDHet — VDHe" — 1 ++/ -7 VDHer* + 4 VDHer® +2 VDHet + 1 }
i VDHet — 2

> #To see if solution [4] has solutions in biologically rel evant
space, we plot this solution

S plot( { _ -VDHef-1 + VDHet ++ -7 VDHef’ + 4 VDHer' + 2 VDHet + 1

VDHet-2 ] VDHet=0

..1, VDHomo =0 ..1 );
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0.6

VDHomo .

0.4 -

0.2

0 T T T T T T T T T 1
0 0.2 0.4 0.6 0.8 1
VDHet

| > #This solution is biologically relevant.
> checkEV21[5];

1/3 1/3
{VDHet=(%(3+2\/7) + L —%I\/T[—%(3+2\/7) (50)
4(342V2)
+ I A ]) VDHomo, VDHomo = VDHomo}
2(3+2V2)
| > #This solution contains imaginary terns.
> checkEV21[6]
1 1/3 1
{VDHetZ (— > (34+2y2) - 7 ] VDHomo, VDHomo = VDHomo] (51)
2(342V2)

> #To see if solution [6] has solutions in biologically rel evant
space, we plot this solution.

1/3
> plot([—% (34+2y2) - I = | VDHomo, VDHomo=0..1 |;
)

23422
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i VDHomo

-0.2 7

-0.4

-0.6 1

> #VDHet <0; therefore solution not biologically feasible.

>
> checkEV2I[7];

1/3
)

1/3
{VDHetz(%B—l-Z\/?) + ! = +%1ﬁ[—%(3+2ﬁ (52)
4(3+2V2)
+ ! 73 ]) VDHomo, VDHomo = VDHomo}
i 2(3+2V2)
| > #conpl ex; no transition
> checkEV21[8];
{VDHet= VDHet, VDHomo (53)

_ VDHe* + 1 + VDHet ++ -7 VDHe" — 4 VDHer’ + 1 —2 VDHet }
VDHet + 2

| > #conpl ex, no transition
> checkEV21[9];
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{ VDHet = VDHet, VDHomo = (54)

_ -VDHef* — 1 — VDHet ++| -7 VDHe* — 4 VDHet® + 1 —2 VDHet ]

i VDHet + 2
o plot( VDHer" — VDHet + 1 ++ 4 VDHer' — 7 VDHer* +2 VDHet + 1 ’ VDHet=O..1] |
L VDHet — 2
| > #VDHono is negative over the range of VDHet.
> checkEV21[107;
VDHet = % + % (827 + 384 ﬁ)m + 1825 o (55)
128 (827 +3842 )
2
_%(%(827—#384\/7)1/34- 3 — +%],VDHomo:
12 (827 +3842)
2
_%[%(827—%384\/7)1/34- 73 1/3+%] +%
12 (827 +3842)
+ % (827 +3842)  + =0 73 ]
i 192 (827 +3842)
[ > evalf (checkEV21[107)
i {VDHet= -1.136861168, VDHomo = 0.965363643 } (56)
> #solution has negative values of VDHet. Therefore, not
| relevant.
> checkEV2I[11];
[Error, invalid subscript selector
| > #No nore sol utions
> #We now focus on boundary conditions based on the second
| eigenval ue.
| > checkEV22 := solve(abs(EV2[1]) =1) :
> #These solutions are the sane as those for the first eigenval ue.
_ No additional boundary conditions.
| > #We now test points on each side of the boundary condition.
> subs(VDHet= .4, VDHomo = .2, EV2);
[ 0.7294901198 |
(57)
0.6737621252
_> subs(VDHet = .4, VDHomo = .05, EV2);
| 1.292279986 |
(58)
0.3131437669

> #The first eigenvalue is greater than one when VDHono<- (-VDHet"2
- VDHet +1+sqr t (4VDHet A3- 7VDHet & +2VDHet +1) )/ (VDHet -2).  Thefore,
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the equilibriumis unstable. It is stable when the inequality
reverses and the analysis is inconclusive at the equality.

>
> #Al'l non- Medea i ndividual s
> maternalEq[3];
[Gpp=1, Gmm=0] (59)
> simplify( Eigenvalues( subs(maternalEq[3], VSHomo =1, VEHomo= 1, VSHet=1, VEHet=1,
uo =0, ul =1, MyJacobian) ) );
0
% VDHet + % (60)
> #1f VDHet<l1, this equilibriumis stable.
> #|If VDHet=1, linear analysis is inconclusive.
>
> #Al | genotypes
> allvalues(maternalEq[41]) :
> #Those expressions are very conpli cated.
> myGpp = subs(maternalEq[4], Gpp) :
> myGmm = subs(maternalEq[4], Gmm) :
> #We begin by solving this at the boundary conditions (any
Genotype = 0 or 1).
> soln = solve(myGpp =0, VDHomo);
 -VDHet + VDHef + 1 ++ -7 VDHef’ + 4 VDHe?’ + 2 VDHet + 1
soln =0, ) (61)
VDHet — 2
VDHet — VDHet — 1 ++ -7 VDHef’ + 4 VDHer’ + 2 VDHet + 1
) VDHet — 2
> #These expressions are identical to the the expressions for
stability of the heterozygous and honbzygous Medea equilibrium
Only the third expression has VDHono and VDHet both between 0
and 1. Now we check for solutions that contain Gp, Gm and Gmp
all between 0 and 1.
>
> allvalues(subs(VDHet =.2, VDHomo = .4, myGmm))
0.4116671269, -0.8955380947 (62)
> allvalues(subs(VDHet =.2, VDHomo = .4, myGpp) );
0.09560911490, -8.579480088 (63)
> allvalues(subs(VDHet =.2, VDHomo = .4, 1 — myGmm — myGpp) );
0.4927237582, 10.47501818 (64)
> allvalues(subs(VDHet =.2, VDHomo = .05, myGmm) )

(AR
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0.8670141061, -1.345483006 (65)

> allvalues(subs(VDHet =.2, VDHomo = .05, myGpp))
-0.008581188400, -8.469887707 (66)

> #Only the first value of the maternal EQ sol utions are valid.
> #This equilibriumdoes not have a sol ution bel ow the boundary.

> #We now exam ne the other boundary conditions (each genotype
equals 0 and 1)
> solns == solve(myGpp =1, VDHomo);

L _3 .Y mvprasT L _3 _ Y eI
solns : 2 VDHet 4 + 4 8 VDHet + 1, > VDHet 1 1 8 VDHet + 1 (67)

> #We now test this solution with the other two genotypes. Gmm
and Gmp nust equal O for this solution to be relevant. Gm and
| G are not O for any val ues of 0O<VDHet<l1

> testGmm = subs( VDHomo = % VDHet — 31 v 8 VDHet + 1, mmem) :

L 4 4
> testGmp = Subs(VDHomo = % VDHet — % — % v 8 VDHet +1,1 —myGpp

— mmem) :
> plot( {testGmp, testGmm}, VDHet =-5 ..5, Genotypes =0..1) :

> solve(myGmm=0);
i {VDHet =1, VDHomo = VDHomo}, {VDHet =1, VDHomo = VDHomo} (68)

> solve(myGmm=1);
{VDHet = VDHet, VDHomo =0}, { VDHet =2 + VDHomo, VDHomo = VDHomo}, {VDHet=2  (69)
+ VDHomo, VDHomo = VDHomo}

:> solns = solve(myGmm + myGpp =0, VDHomo) :

;> plot({solns}, VDHet=0..1, VDHomo=0..1) :

| > #Pl ot shows no biologially interesting values
[ >

[ >

solns := solve(myGmm + myGpp =1, VDHomo);
solns =0 (70)

> #There are no other boundaries for feasiblity.

> #The only val ues possi ble are when VDHono>- (- VDHet *2- 1+VDHet +
sqrt (4*VDHet A3- 7* VDHet *2+2* VDHet +1) ) / ( VDHet - 2)

>
> #We now | ook at stability. W begin by finding eigenval ues.
>
>

Eq4EV := simpliﬁ/( Eigenvalues(subs(maternalEq[4], VEHomo=1, VSHomo=1, VEHet=1,
VSHet=1, u0 =0, ul =1, MyJacobian) ) ) :
> #To be unstable, the eigenvalues have to be >1. Let's find when
they are equal to 1.

Ward et al 34



> Eq4EVI = solve(abs(Eq4EV[1]) =1);

WArni ng, solutions nmay have been | ost
Eq4EV] = (71)

| >

[ > solve(abs(Eq4EV[2]) = 1);

| Warning, solutions nmay have been |ost

> #Mapl e was unable to find any solutions to these equations. One
possibility is that are no solutions in the biologically

rel evant range. The second possibility is that Maple coul d not
find them Therefore we turn to sinmulation.

> #By simulation we find that the eigenval ues are always greater
than 1 for all values of VDHonb and VDHet in the feasible
regi on.

> #Case 3) Parental Fitness only, No

enbryonic fitness effects; nmu0=0 and nul=1

> #We begin by introducing the sinplifications

> nextGppParental = Subs( VSHomo = VDHomo, VSHet = VDHet, VEHet=1, VEHomo =1, U0
=0, ul =1, nextGpp) :

> nextGmmParental = subs( VSHomo = VDHomo, VSHet = VDHet, VEHet=1, VEHomo =1, 0
=0,ul =1, nextGmm) :

> nextGmpParental := subs( VSHomo = VDHomo, VSHet = VDHet, VEHet=1, VEHomo =1, u0
=0, ul =1, nextGmp) :

> parentalEq = solve( {nextGppParental = Gpp, nextGmmParental= Gmm}, [ Gpp, Gmm]) :

| >

| > #Sol ve for the 4 biologically relevant equilibria
| > #Only Medea Honpzygot es

> parentalEq[1];

[Gpp=0, Gmm=1] (72)
> EqIEV := subs( VDHet = VPHet, VDHomo = VPHomo,
simplify( Eigenvalues( subs(parentalEq[ 1], VSHomo = VDHomo, VSHet = VDHet, VEHet
=1, VEHomo=1, u0 =0, ul =1, MyJacobian) ) ) );
0

EqIEV:=| VPHet (73)
VPHomo

> #1f VPHonmo>VPHet the equilibriumis unstable. |f VPHonb<VPHet

Ward et al 35



is stable. The equality is inconclusvie.

#Only Medea | ndi vi dual s

parentalEq[2];
VDHet

-2 VDHomo + 3 VDHet

[Gpp ~0, Gmm= (74)

( VDHet )
solve ;

=0
-2 VDHomo + 3 VDHet
{VDHet =0, VDHomo = VDHomo} (75)

VDHet )

=1
-2 VDHomo + 3 VDHet
{VDHet =VDHomo, VDHomo = VDHomo} (76)

#Sol utions only exi st when VDHet >VDHono.

Eq2EV = simplify( Eigenvalues(subs(parentalEq[2 ], VSHomo = VDHomo, VSHet = VDHet,
VEHet=1, VEHomo=1, u0 =0, ul =1, MyJacobian) ) );

solve(

VDHomo
VDHet

-VDHomo + VDHet
VDHet

Eq2EV = (77)

#This equilibriumis stable when VDHono>VDHet - VDHet * VDHet

#Only non- Medea alleles in the popul ation
parentalEq[3];
[Gpp=1,Gmm=0] (78)
subs ( simplify( Eigenvalues( subs( parentalEq[3 ], VSHomo = VDHomo, VSHet = VDHet, VEHet
=1, VEHomo=1, u0 =0, ul =1, MyJacobian) ) ) );
0

79
VDHet (79)

#1f VDHet<1l, this equilibriumis stable.
#1f VDHet =1, linear analysis is inconclusive.

#Al'l 3 genotypes in the equilibrium popul ation
simplify( parentalEq[4]);

Gpp (80)

— ((VDHef — VDHet + VDHomo) VDHomo) | (1 + VDHomo* — 2 VDHet
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+ VDHer* + 2 VDHomo — 3 VDHet VDHomo + VDHet VDHomo), Gmm

— (VDHe + 1 —2 VDHet) | (1 + VDHomo* — 2 VDHet + VDHe* + 2 VDHomo
| —3 VDHet VDHomo + VDHet” VDHomo) |
> myGpp = ((VDHer — VDHet + VDHomo) VDHomo) | (-2 VDHet + 1 + VDHer
+ 2 VDHomo + VDHomo* — 3 VDHet VDHomo + VDHet” VDHomo)
myGpp =
((VDHef — VDHet + VDHomo) VDHomo) | (1 + VDHomo* — 2 VDHet + VDHer*
+ 2 VDHomo — 3 VDHet VDHomo + VDHer* VDHomo)

> myGmm = (1 —2 VDHet + VDHe") | (-2 VDHet + 1 + VDHef: +2 VDHomo + VDHomo®

— 3 VDHet VDHomo + VDHef’ VDHomo);
myGmm :=

(VDHe? + 1 —2 VDHet) | (1 + VDHomo* — 2 VDHet + VDHer* + 2 VDHomo
— 3 VDHet VDHomo + VDHer* VDHomo)
> solve(myGpp=0);
{VDHet =VDHet, VDHomo = - VDHel + VDHet}, {VDHet=VDHet, VDHomo =0}
> 8 —.64

0.16
> subs(VDHet =.8, VDHomo = .2, myGpp);
i 0.06250000000
> subs(VDHet=.8, VDHomo =.1, myGpp);
-0.08108108108

> solve(myGpp=1);
{VDHet=1, VDHomo = VDHomo}, {VDHet=1 + 2 VDHomo, VDHomo = VDHomo }

#Sol ution is not when feasible VDHono<VDHet (1- VDHet) .

solve(myGmm=0);
{VDHet=1, VDHomo = VDHomo?}, {VDHet=1, VDHomo =VDHomo}

=> solve(myGmm=1);
{VDHet=VDHet, VDHomo =0}, {VDHet= VDHet, VDHomo =3 VDHet — VDHet" — 2}
| > #Transitions not in biologically relevant space.
> solve(myGmm + myGpp=0);
{VDHetz VDHet, VDHomo = (—% VDHet + % N VDHet" — 4 ) (VDHet — 1)}, {VDHet

=VDHet, VDHomo = ( - % VDHet — % VDHet — 4 ) (VDHet — 1) }

> solve(myGmm + myGpp=1);
{VDHet=VDHet, VDHomo =0}, { VDHet=1, VDHomo = VDHomo }

:> #Now | ook at stability

> Eq4EV := subs(simplify( Eigenvalues(subs(parentalEq[4], VSHomo = VDHomo, VSHet
=VDHet, VEHet=1, VEHomo=1, u0 =0, ul =1, MyJacobian) ) ) );
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(86)

(87)
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(89)
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_[[L 1 _
Eq4EV = H > VDHomo (2 VDHomo — VDHet VDHomo (92)

+ (- VDHomo (-4 VDHomo + 4 VDHet VDHomo — VDHer* VDHomo

1/2
+ 4 VDHet + 4 VDHet — 8 VDHet") ) )]

1 1
[ > VDHomo ( 2 VDHomo + VDHet VDHomo

+ ( -VDHomo ( -4 VDHomo + 4 VDHet VDHomo — VDHet VDHomo

1/2
+4 VDHef + 4 VDHet — 8 VDHet) ) )”

> #To be unstable, the nodulus of the eigenval ues have to be >1.
| Ve find when they are equal to 1.
> solve(abs(Eq4EV[1]) =1);
{VDHet=1, VDHomo < 0}, {VDHet=1, VDHomo =0, VDHomo < 0}, {VDHomo = (93)
- VDHef" + VDHet, - VDHef* + VDHet= - VDHef" + VDHet, VDHet < 0}, { VDHomo =
- VDHef* + VDHet, - VDHet" + VDHet = - VDHef* + VDHet, | < VDHet}, {VDHet=1, 0

< VDHomo}, {VDHet=1, VDHomo =0,0 < VDHomo}, {VDHomo — - VDHer*

+ VDHet, - VDHer* + VDHet = - VDHet* + VDHet, 0 < VDHet, VDHet < 1}, {VDHomo

_ (VDHe + 1 —2 VDHet) VDHet (VDHer* + 1 — 2 VDHet) VDHet

-3 + VDHet : -3 + VDHet
_ (VDHet’ +1 =2 VDHet) VDHet .0 < VDHet, VDHet < 1}, [VDHomo
-3 + VDHet
_ (VDHer" +1 — 2 VDHet) VDHet (VDHet" +1 —2 VDHet) VDHet
-3 + VDHet : -3 + VDHet
2
- \VDHer +1 =2 VDHet) VDHet. | _ 1y ypper < 3}, [VDHomo
-3 + VDHet
_ (VDHer* +1 — 2 VDHet) VDHet ~(VDHer" +1 —2 VDHet) VDHet
-3 + VDHet ’ -3 + VDHet
(VDHe + 1 — 2 VDHet) VDHet } {
= DHet < DH
3 4 VDHet , VDHet < 0, s VDHomo
_ (VDHer +1 —2 VDHet) VDHet  (VDHer" +1 —2 VDHet) VDHet
-3 + VDHet : -3 + VDHet
(VDHer* + 1 — 2 VDHet) VDHet }
= 3 < VDHet
-3 + VDHet . ¢

>
> #The only solution that has solutions in the biologically
feasi bl e range i s VDHonmpo=VDHet - VDHet 2.

=> subs(VDHet=.9, VDHomo = .8, Eq4EV[1]);
1.089675829 (94)
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> #VDHonp<VDHet - VDHet *VDHet i s not feasible.
| > #VDHonp>VDHet - VDHet * VDHet i's not stable.
> solve(abs(Eq4EV[2]) =1);
(VDHer* +1 —2 VDHet) VDHet (VDHef + 1 — 2 VDHet) VDHet

VDHomo = 95
omo -3 + VDHet : -3 + VDHet (95)
2
_ \VDHer +1 =2 VDHet) VDHet. o _ 11y yper < 1}, [VDHomo
-3 + VDHet
_ (VDHer +1 —2 VDHet) VDHet  (VDHer" +1 —2 VDHet) VDHet
-3 + VDHet : -3 + VDHet
_ (VDHet' +1 =2 VDtHer) VDHeL | yDHet, VDHet < 3}, [VDHomo
-3 + VDHet
_ (VDHer +1 —2 VDHet) VDHet  (VDHet" + 1 —2 VDHet) VDHet
-3 + VDHet : -3 + VDHet
(VDHer* + 1 — 2 VDHet) VDHet } {
= DHet < DH
3 & VDHet , VDHet < 0, y VDHomo
_ (VDHer* +1 — 2 VDHet) VDHet ~(VDHer" +1 —2 VDHet) VDHet
-3 + VDHet : -3 + VDHet
2
_ (VDHer +1 =2 VDHet) VDHet 5 _ VDHez}, (VDHet =1, VDHomo < 0}, { VDHet
-3 + VDHet

— 1, VDHomo =0, VDHomo < 0}, {VDHomo = - VDHet* + VDHet, - VDHet* + VDHet =
- VDHet* + VDHet, VDHet < 0}, { VDHomo = - VDHef* + VDHet, - VDHet* + VDHet =
- VDHef + VDHet, 1 < VDHet}, {VDHet=1,0 < VDHomo}, {VDHet=1, VDHomo =0,
0 < VDHomo)}, { VDHomo = - VDHef" + VDHet, - VDHet* + VDHet = - VDHef*

+ VDHet, 0 < VDHet, VDHet < 1}

> #No new criteria

> #Case t1 varies, VEHonp=VEHet "2, Parent al

fitnesses=1

> #We begin by introducing the sinplifications

> nextGppEmbryonicMt := subs(VSHomo =1, VDHomo = 1, VSHet =1, VDHet =1, VEHomo
= VEHet - VEHet, u0) =0, ul =1 — t1, nextGpp) :

> nextGmmEmbryonicMt = Subs( VSHomo =1, VDHomo =1, VSHet=1, VDHet =1, VEHomo
=VEHet-VEHet, 0 =0, ul =1 —tl, nextGmm) :

> nextGmpEmbryonicMt = subs( VSHomo =1, VDHomo =1, VSHet=1, VDHet =1, VEHomo
= VEHet-VEHet, u0 =0, ul =1 — t1, nextGmp) :

> #Solve for the 4 biologically relevant equilibria

> embryonicEqMt = solve( {nextGppEmbryonicMt = Gpp, nextGmmEmbryonicMt= Gmm},
[Gpp, Gmm]) :
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| >
> #The equilibriumw th only Medea

| honobzygous i ndivi dual s
_> embryonicEgMt[1];
[Gpp=0, Gmm=1]

> #Check the stability of only Medea honobzygous equilibrium

=1, VDHet =1, VEHomo = VEHet-VEHet, u0 =0, ul =1 — t1, MyJacobian) ) );
0

-2+t

Eqtl = 1
2 VEHet

> solve(Eqtl[2]=1, VEHet)

subs(tl =.1, VEHet=.8, Eqtl[2])
1.187500000

> subs(tl=.7, VEHet=.9, Eqtl[2]);
0.7222222222

> #When VEHet |ess than 1-.5*t1, the equlibriumis not stable.
The equilibriumis stable VEHet>1-.5*t1 and analysis is
i nconcl usive at the equality.

_>»#The equilibriumw th honbzygous and heterozygous
Medea i ndi vi dual s

>

_> aEqMt2 = allvalues(embryonicEqgMt[2]);

-VEHet+ 1 ++ 1 —2 VEHet t]
VEHet+2 t1 —2

abEgMt2 = | Gpp=0, Gmm=

}, [Gpp =0, Gmm=

_ VEHet—1++ 1 —2 VEHett]
i VEHet+2tl —2
> #The first solution is biologically irrelevant because without the radical, the numerator is
positive and the denominator is negative..
_ VEHet—1++ 1 —2 VEHettl
VEHet+2tl —2 ’

_ VEHet — 1 ++/ 1 —2 VEHet t]
VEHet+2t] —2

> myGmm =

myGmm :=

> solve( myGmm=0);

{VEHet=0,tl=1tl}

> Eqtl := simplify( Eigenvalues(subs(embryonicEqMt[ 1], VSHomo =1, VDHomo = 1, VSHet

(96)

(97)

(98)

(99)

(100)

(101)

(102)

(103)
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solve(myGmm = 1, VEHet);

1
1 —— 1t 104
> (10)
subs(tl =.01, VEHet= .51, myGmm),
0.3434604954 (105)
subs(tl =.4, VEHet=.9, myGmm);
1.430500874 (106)

#This equilibriumis only biologically feasible when VEHet <=1-

(1/2)t1.

Eqt2 := simplify( Eigenvalues(subs(Gpp =0, Gmm =myGmm, Gmp = 1 — myGmm, VSHomo
=1, VDHomo =1, VSHet=1, VDHet =1, VEHomo = VEHet-VEHet, u0 =0, ul =1 —t1,
MyJacobian) ) ) :

solns := solve(abs(Eqt2[1]) =1) :

solns[1];

plot(

2
+ 16 1/3—;] —1”,t10..1]:
3(-64 45411 +6 19201 +81 1)

#Pl ot i ndi cates sol uti ons when VEHet <O for O<t 1<l
solns[21];

{Plﬂqét=],—-%;t1,tl=t1} (207)

1/3
% tl—l[[% (-64+5411+6 -19211 +81 )

- VEHet+ 1 ++ -4 VEHe? + 1

2 VEHet++ -4 VEHef +1 —

VEHet= VEHet, t1 = VEHet (108)
VEHef
( | —%+%\/1+4t1 +11 ]
lot| - — t1=0.11:
prot 75 1 :
#Pl ot indicates solutions when VEHet <O for O<t1<1
solns[37];
2 VEHet—\ -4 VEHe? +1 + VEHe =1 J}é}ft VEHef + 1
VEHet= VEHet, t1 = ¢ (109)

VEHef

1 2
-— 1=0.1,VEHet=0..1 |;
) v, ,t1=0.1, VEHet=0 ],

—L—%\/1+4t1 +tl
plot
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0.8

0.6 -

VEHet

0.4 -

0.2

0 ' T ' T ' T ' T
0 0.2 0.4 0.6 0.8
tl

| > #This solution is biologically relevant.
> solns[4];
B B 1
] {VEHet— VEHet, t1 > VEHet }
| > #This solution is biologically relevant.
>

> solns[5];
1/3

t

VEHet=—% Lj[[% (-64 45411 +6 19211 +8111%)

2
n 16 1/3—%] —IJ,tl—t]]
3(-64+5401+6-192¢1 +81¢)

- VEHet+ 1 ++ -4 VEHef + 1

2 VEHet++ -4 VEHef +1 — e

> plot
VEHef

, VEHet=0..1, t]

(110)

(111)
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=0..1

> ##This solution is not biologically rel evant.
> solns[6];
| % +%\/1+4t1 +¢1
EHet= - — t1=tl 112
VEHet=- - " , (112)
2 VEHet — ~4 VEHe? + 1 + LEHeL =1 +Vé[;4t VEHe( + 1
> plot ¢ , VEHet=0..1,¢1=0
VEHef
.1
> #This solution is biologically relevant.
> solns[7];
| % —%\/1+4t1 +t1
EHet= - — 1=1tl 11
VEHet ) /1 , U=t (113)
__ :
> Solve(tl = S VEHet’ VEHet) ;
1
— 114
21 (114)
>
> solns[8];
[Error, invalid subscript selector
> #No nore sol utions.
> solns == solve(abs(Eqt2[2]) =1) :
> #No additional boundaries fromthe second ei genval ue
> #Now | plot all biologically relevant sol utions bel ow
> #We now rewite all biologically relevant boundary conditions as
functions of t1.
1 :
> Solve( > VEHet =tl, VEHet),
1
— 115
21 (115)
2 VEHet—\ -4 VEHe? +1 + VEHel =1 +Vé}'[4t VEHef + 1
> possibleSolution = solve ¢

VEHef
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=tl, VEHet

>4
1)

VWAr ni ng, unable to evaluate 2 of the 6 functions to nuneric

1 =2+ 1+4¢ 1

1 . . _ _
v , 1 7 t1, 211 , possibleSolution , t1 =0..1, VEHet=0

values in the reqgion; see the plotting command' s hel age to
ensure the calling sequence is correct
1 -
0.8 -
0.6 -
VEHet
0.4 1
0.2
O ! I ! I ! I ! I ! |
0 0.2 0.4 0.6 0.8 1
t1

| > #The red curve is 1/(2t1).
| > #The gold curve is 1-(1/2)t1.
| > #The blue curve is 1/4 (1-2t1 + sqrt(1+4t1))/t1

> #The green curve corresponds to the first solution of the
possi bl eSol uti ons vari abl e.
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#The warni ng occurs because the other solutions of the
possi bl eSol utions curves |ie outside the biologially rel evant
(plotted range).

#We now test points within each region

subs(tl =.1, VEHet=.1, myGmm);
0.05291146688

evalf (subs(tl =.1, VEHet=.1, abs(Eqt2)));
9.039257285
0.1061727130

subs(tl =.1, VEHet=.6, myGmm);
0.4484026267
evalf (subs(tl =.1, VEHet=.1, abs(Eqt2)));
9.039257285

0.1061727130

subs(tl =.59, VEHet= .56, myGmm),
0.5477261196

evalf (subs(tl =.95, VEHet= 4, abs_(eqZ) )); _
1.553967066
0.6954858985

evalf (subs(tl =.95, VEHet= .2, abs_(eqZ) )); _
4.342682219
0.3161136814

#The gold line defines the region of infeasibility. Points
above the line are not feasible. Points below are feasible.
#The red curve is irrelevant because it is in the region of

bi ol ogical infeasibility.

#Poi nts above the blue line are stable (nodulus of al

ei genvalues is less than 1) and points below the blue line are

not stable (nmodulus of at |east one eigenvalue greater than 1).

The green line corresponds to points with a nodulus of 1 but
does not correspond to changes in stability.

#The equilibriumw th only non- Medea i ndividual s

embryonicEgMt[3];
[Gpp=1, Gmm=0]

(116)

(117)

(118)

(119)

(120)

(121)

(122)

(123)

simpliﬁ/( Eigenvalues(subs(embryonicEth[3 1, VSHomo =1, VDHomo =1, VSHet=1, VDHet

=1, VEHomo=VEHet-VEHet, u0 =0, ul =1 —tl, MyJacobian) ));
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0
(124)
VEHet
| > #If VEHet<l, this equilibriumis stable.
| > #If VEHet=1, linear analysis is inconclusive.
>
| > #Al'l 3 genotypes in the equilibrium popul ation
| > #We find where this equilibriumis biologically feasible
> embryonicEqMt[4];
Gop = (VEHer tI> — 4 VEHef t1 —2 VEHett] + 8 VEHet — 4 +2 t1) VEHet (125)
t1* VEHef' — 4 VEHer 11 + 4 VEHef + 2 VEHef t] —4 VEHet — 2 VEHet (] +4
— 4 (-2 VEHet + VEHer + 1)
i tI” VEHei" — 4 VEHer' t1 + 4 VEHef" +2 VEHef t] — 4 VEHet —2 VEHet t] + 4
>
> myGpp = subs(embryonicEqMt[4], Gpp) :
| > myGmm := subs(embryonicEqMt[4], Gmm) :
> boundary := solve(myGpp =0, t1);
2 VEHef + VEHet— 1 ++ -4 VEHef + 8 VEHer — 3 VEHef — 2 VEHet + |
boundary == , (126)
VEHer
_ -2 VEHef — VEHet+ 1 ++/ -4 VEHei' + 8 VEHer' — 3 VEHel" —2 VEHet + 1
] VEHer
| >
| > #Only the first radical is postive, O<VEHet<l
> boundaryl
_ 2 VEHef + VEHet—1 + J -4 VEHei* + 8 VEHef — 3 VEHef — 2 VEHet + 1
| VEHet
| >
> subs(VEHet= .49, boundaryl);
i 0.1463035073 (127)
> subs(VEHet= .49, tl1 =.6, myGpp);
i -0.0003789866153 (128)
> subs(VEHet= .49, t1 =0.62, myGpp);
i 0.0004404844116 (129)
> subs(VEHet=.49,t1 =0.62, myGmm);
] 0.4297549764 (130)
| > #This equilibriumonly exists when VEHet >=boundaryl.
> solve(myGpp=1);
VEHet + 1
EHet=1,tl =tI EHet=VEHet, tl = ——————
{VEHet=1,tl =t L{V’ et=VEHet, t VEHet } (131)

> #The VEHet +1/ VEHet boundary causes t1>1, therefore it is not
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|_ bi ol ogi cally rel evant.

_> solve(myGmm=1);

{VEHet=0, tl =tl}, { VEHet=VEHet, t1 (132)

_ 2 VEHef — VEHet + 1 ++/ 4 VEHei* — 8 VEHer' + 5 VEHef — 2 VEHet + 1
VEHer

2

VEHet= VEHet, t] =

_ -2 VEHef + VEHet — | +/ 4 VEHei' — 8 VEHer' + 5 VEHel — 2 VEHet + 1
i VEHer
:> #This is the sane boundary as di scovered with Gop=0;
B

> solve(myGmm=0);
i {VEHet=1,tl=t1}, {VEHet=1,tl =t1} (133)
B solve(myGmm + myGpp =0);

VEHet= VEHet, t1 (134)

_ 2 VEHel + VEHet— 1 ++ -8 VEHei' + 16 VEHe — 7 VEHel* — 2 VEHet + 1
VEHer

>

VEHet=VEHet, t1 =

_ -2 VEHef — VEHet+ 1 ++/ -8 VEHei" + 16 VEHer' — 7 VEHef — 2 VEHet + 1
VEHer

| > #same boundaries as above

[ > solve(myGmm + myGpp=1);
i {VEHet=0, tl =t1}, {VEHet=VEHet, t1 =2}, {VEHet=1,tl =t1} (135)

|_> #boundary is not biologically relevant
| > #Moving on to stability

> Eq4EV = allvalues ( simplify( Eigenvalues(subs( embryonicEqMt[4 ], VSHomo = 1, VDHomo
=1, VSHet=1, VDHet =1, VEHomo = VEHet- VEHet, u0 =0, ul =1 —t1, MyJacobian) ) )

) :

(> EqEV4 = solve(abs(Eq4EV[1]) =1)

EqEV4 .= {VEHet=1,tl =tl}, {VEHet=VEHet, t1 (136)
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_ 2 VEHef + VEHet— 1 + -4 VEHei' +8 VEHer' —3 VEHel" — 2 VEHet + 1
VEHet

b

VEHet= VEHet, t] =

_ -2 VEHef — VEHet + 1 + -4 VEHei" + 8 VEHet — 3 VEHef — 2 VEHet + 1
VEHer

3

1
VEHer (3 VEHet — 1)

{VEHeIZ VEHet, t1 = (2 VEHe? + 3 VEHe? —2 VEHet + 1

VEHet= VEHet,

+J 4 VEHef — 7 VEHef — 4 VEHef + 10 VEHef — 4 VEHet+ 1 ) }

1= 1 (-2 VEHef — 3 VEHe? +2 VEHet — 1

VEHer (3 VEHet — 1)
+ 4 VEHef — 7 VEHef — 4 VEHef + 10 VEHef — 4 VEHet+ 1 ) }

]
VEHef (3 VEHet—1)

+J 4 VEHeP — 7 VEHef — 4 VEHe? + 10 VEHeP — 4 VEHet + 1 ), VEHetZO..l) :

> plot( - (-2 VEHeP — 3 VEHe? +2 VEHet — 1

> #This boundary condition is identical to the boundary that
seperates biologically relevant and irrel evant boundari es.
> subs(VEHet=.49,tl =.6, Eq4EV);

| 0.6879413467 |
(137)
0.9978382558
> subs(VEHet=.49,t1 =0.62, Eq4EV);
0.6901475134
(138)
1.002540850
>
> #The second eignval ue shows the equilibriumis unstable in the
f easi bl e region
>
> #We now | ook for stability boundaries with the second
ei genval ue.
> solve(abs(Eq4EV[2]) =1);
VEHet=VEHet, t] = I (2 VEHe? + 3 VEHeR —2 VEHet + 1 (139)

VEHer (3 VEHet — 1)

VEHet= VEHet,

+ 4 VEHef — 7 VEHef — 4 VEHe? + 10 VEHef — 4 VEHet + 1) }
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1= 1 (-2 VEHef — 3 VEHe? +2 VEHet — 1

VEHer (3 VEHet — 1)

+ 4 VEHeP — 7 VEHef — 4 VEHef + 10 VEHef — 4 VEHet+ 1 ) } (VEHet=1, t1

=tl}, \VEHet=VEHet, t1

_ 2 VEHef + VEHet — 1 ++ -4 VEHe{* + 8 VEHer' —3 VEHef — 2 VEHet + 1
VEHe?

b

VEHet=VEHet, t] =

-2 VEHef — VEHet+ 1 ++ -4 VEHei" + 8 VEHef — 3 VEHef — 2 VEHet + |
VEHef
> #No additional boundary conditions.
| >
> #Eigenvalue[2] is greater than 1 for biologically feasible

| paraneter space.
> subs(VEHet=1,tl=tl, Eq4EV[2]);

1 424 P41 +4
2 S0 +11

> #Eigenvalue[2] is equal to 1 when VEHet=1, therefore |inear
anal ysis i s inconclusive

| > #When VEHet#1, and the equilibrium exists, it is unstable.
>

(140)
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#\War d, Catheri ne

#Suppl emrental Materials: Calculations for feasibility and
stability of X-linked Medeas

We | oad the nodel and cal culate equilibria and the eigenval ues
of the Jacobi an.

#clear nmenory and initialize packages
restart : clear : with(LinearAlgebra) : with(SolveTools) :

#The foll ow ng equations are for each genotype in the next
generation

#We begin by defining internediate quantities.

#The nam ng convention is slightly different in this file. Wis
still the divisor, but genotypes are now i nstead of using SM,
S++, DW DM+, and D++, we use HetM WM HonoF, HetF, and WIF
Note that F at the end neans female while Mindicates male. Al
fitnesses are enbryonic and we sinply use V and V 2.

W= ((1/4)* HetF* (HetM + WTM) + (1/2) * HomoF* (WIM + HetM) ) * V + ((1/2)
*WIF* WTM + (1/2) * WTF* HetM) + (HetF'* HetM* (1/4) + HomoF* HetM* (1
[2))*V*V 4+ (WTF * HetM* (1/2) + HetF'* WIM* (1/4) + HetF* HetM* (1/4)

+ HomoF* WIM* (1/2))*V+ (1/2) * WIF * WIM :

#Now make non- Medea (w | dtype) fenal es

nextWTF := subs(HetM =1- WITF-HetF- HomoF-WTM, (1/2)* WTFE* WIM/W) :

#Now al | genotypes

nextHetF := subs(HetM =1- WTF - HetF- HomoF- WIM, (WTF * HetM* (1/2) + HetF
*WTM* (1/4) + HetF* HetM* (1/4) + HomoF* WTM* (1/2))*V/W) :

nextHomoF = subs(HetM =1- WTF - HetFF- HomoF- WTM, (HetF'* HetM* (1/4) + HomoF
*HetM* (1/2))*V*V/IW) :

nextWTM := subs(HetM =1-WTF - HetF- HomoF-WTM, ((1/2)* WTF* WTM + (1/2)
*WTF* HetM) /W) :

nextHetM := subs(HetM =1-WTF - HetF- HomoF-WTM, ((1/4) * HetF + (1/2) * HomoF)
*(WIM + HetM ) *V/IW) :

#Solve for all the equilibria (takes about 30 secs on a PCwth
2 gigs of RAM

> equilibria = solve( {nextHomoF = HomoF, nextHetF = HetF, nextWTF = WTF, nextWTM

=WTM}, [ HomoF, HetF, WTF, WTM1]) :
equilibria[ 1];

1)
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VVYV

HomoF = I ZV’HQtF:O’ WTF =0, WTM=O} 1)
equilibria[2];
HomoF= - —V— Hetr=2YV=1 wrr=o WTM=O} (2)
V-2’ V-2’ :
#Not e that when V>.5 HetF is negative (biologially infeasible).
equilibria[3];
HomoF =0, HetF =0, WTF=%, WTM=%} 3

#Warning: this equilibriumtakes a few seconds to load (PC with
2 gigs of RAM. CQutput is supressed because expressions for the
equilibriumfill about 200 pages of output.

allvalues(equilibria[4]) :

#Now we nove on to stability. Recall that if the nodul us of any
t he ei genval ues of the Jacobian evaluated at a particular
equilibriumis greater than 1, the equilibriumis unstable.

#Cal cul ate the Jacobian Matri x

MyMatrix == Matrix( [ [diff (nextWTF, WTF), diff (nextWTF, HetF), diff (nextWTF, HomoF),
diff (nextWTF, WIM) |, [diff (nextHetF, WTF), diff (nextHetF, HetF), diff (nextHetF,
HomoF), diff (nextHetF, WIM) |, [diff (nextHomoF, WTF), diff (nextHomoF, HetF),
diff (nextHomoF, HomoF), diff (nextHomoF, WTM) ], [ diff (nextWTM, WTF),
diff (nextWTM, HetF'), diff (nextWTM, HomoF), diff (nextWTM, WTM)]]) :

#Check stability of Medea Honbzygote only equilibria

MyMatrix] := Eigenvalues(subs(equilibria[ 1], MyMatrix) );
S
0
MyMatrix] :==| 4
.
2V

#When V<.5, this eqilibriumis unstable. Wen V>5, it is
st abl e.

#Check stability of no non-Medea (has hets and honpzygot es)
MyMatrix2 := Eigenvalues(subs(equilibria2 ], MyMatrix) );
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V'V

0
MyMatrix2 == 0 (5)

2V

#Wien V is less than 0.5, this equilibriumis stable. It is not
bi ol ogically feasible V> 5.

#Check the stability of the all non-Medea equilibria
MyMatrix3 := Eigenvalues(subs(equilibria[3 _], MyMati_’ix) );
0
0
MyMatrix3 := 1 (6)
-V
2
7

#The equilibria is stable except at V=1 where the analysis is
i nconcl usi ve.

#Checks the stability of the all non-Medea equilibria

#Warning: this calculation takes a 5-10 mns on a PCwth 2 gigs
of RAM Qutput is suppressed because the expressions have
several pages worth of terns.

MyMatrix4 := Eigenvalues(subs(equilibria[4 ], MyMatrix) ) :

# Instead of solving for the nodulus=1, we plot each nodul us of
the 4 eigenvalues for the all non-Medea equilibrium Only three
appear on the graph because the nodul us of one of the

ei genvalues is O for all values of V. Recall that if any
eigenvalue is greater than 1, the equilibriumis unstable.

plot( {abs(MyMatrix4[1]), abs(MyMatrix4[2]), abs(MyMatrix4[3]), abs(MyMatrix4[4]) }, V
=0..1, ModOfFEigenvalues =0 ..2);
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1.5

ModOfEigenvalues 1 -

0.5 ;T

0 — T T T T T T T 1
0 0.2 0.4 0.6 0.8 1
Vv

> #Because the nodul us of one of the eigenvalues is greater than 1
for all values of V, except V=1, the equilibriumis unstable.
>
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Figure S1

All Heterozygotes All Het((a)rozygotes
0,

Al0 20 40 60 80 an°
non-Medea Homozygous Medea non-Medea Homozygous Medea

DeFinetti diagrams showing genotype trajectories for a Medea with a fitness cost. (A) The DeFinetti diagram plots
the change in genotype frequencies over generations for a Medea with a 20% embryonic, multiplicative fitness
cost, and values of t,=0 and t;=1. Population trajectories start with different ratios of two of the three genotypes
(genotypes corresponding to points along each of the sides of the triangle). Green lines show trajectories that
end at 2/3 Medea homozygotes, 1/3 Medea heterozygotes and no non-Medea individuals, the SIEAF (the stable
internal equilibrium allele frequency).Red lines indicate population trajectories that end with loss of Medea
individuals from the population.The unstable internal equilibrium frequency (UIEAF) is a point on the common
trajectory taken by Medea-bearing populations that separates populations in which Medea spreads from those in
which Medea is lost. (B) Plot of genotype frequencies over four generations for the Medea allele in (A), introduced
into a population at a number of different starting genotype frequencies (black circles). When adults from within
the Gygenotype distributions (each of the black circles) mate randomly with each other, a range of possible G,
genotype distributions, indicated by the green region, is obtained. When adults from G, genotype distributions
mate randomly, a set of possible G,offspring genotype distributions defined by the red region is obtained; mat-
ings within each G,genotype distribution result in the set of possible Gs offspring distributions defined by the
yellow region; and Gsmatings result in the G4 (blue) distribution.The Gadistribution, which is highly constrained,
can be used to approximate genotype frequencies and allele fitness for specific Medea allele frequencies.
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Figure S2
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Diagrams partitioning (V. Viomo) fitness parameter space into regions in which linear stability analysis
indicates qualitatively similar behaviors are observed. (A) Parameter space diagram of (Vpyey, V promo SpPace
(this diagram is identical for a Medea with embryonic fitness cost) . Qualitative behavior changes as each
curve is crossed, with the occurrence of a bifurcation. Equilibrium 1, which consists of only the non-Medea
genotype, is stable in all regions except at line a where the analysis is inconclusive. Equilibrium 2, which
consists of all genotypes, is unstable in regions A and B and infeasible in C. Equilibrium 3, which consists of
heterozygous and homozygous Medea, is infeasible in A, stable in B and unstable in C. Equilibrium 4,
which consists of only the homozygous Medea genotype, is stable in A and unstable in Band C.Line a
corresponds to a region in which Equilibrium 1 and 2 are coincident. Line b separates regions A and B.On
this line, Equilibrium 3 and 4 are coincident. Transcritical bifurcation occurs as Equilibrium 3 moves
through Equilibrium 4 (i.e. the two collide), with the two equilibria exchanging stability. Curve c separates
regions B and C. On this curve, Equilibrium 2 and 3 are coincident.Transcritical bifurcation occurs as the
two equilibria collide, with the two equilibria exchanging stability. (B) Parameter space diagram of (Vp e,
Vb Homo) SPAce. Explanations are as in (A).
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Figure S3

(A) Diagram partitioning (t;, ,,..) parameter space into regions in which linear stability analysis
indicates qualitatively similar behaviors are observed. Qualitative behavior changes as we cross
each of these curves, with the occurrence of a bifurcation. Black lines partition parameter space
for Medea elements with a parental fitness costs. Equilibrium 1, which consists of only the non-
Medea genotype, is stable in all regions. Equilibrium 2, which consists of all genotypes, is unstable
in regions A and B and infeasible in C. Equilibrium 3, which consists of heterozygous and homozy-
gous Medea genotypes, is infeasible in C, stable in A and unstable in B. Equilibrium 4, which
consists of only the homozygous Medea genotype, is stable in B and unstable in A and C.Line a
corresponds to a Medea with no fitness cost. At line a, the stability of equilibrium 1, the all non-
Medea equilibrium, is inconclusive. Line b separates regions A and B. On this line, Equilibrium 3
and 4 are coincident. Transcritical bifurcation occurs as Equilibrium 3 moves through Equilibrium
4 (i.e.the two collide), with the two equilibria exchanging stability. Curve c separates regions A
and C.On this curve, the Equilibrium 2 and 3 are coincident. (B) As in (A) except fitness costs are
maternal.
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